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THE THEORY OF NUMBERS.—L. 


Sur la théorie des nombres.* M.Srt1eLTsEs. (Annales de 
la Faculté des Sciences de Toulouse, vol. 4.) 


M. STIELTJES undertook a few years ago to write an exten- 
sive treatise on the theory of siaeand. is weak health, and 
finally age death, prevented the accomplishment of his 
task. The following letter which I received from him in 
answer to a request to send me a separate copy of his paper 
will put the circumstances clearly before the reader: 


TouLOUSE, May 29, 1894. 

‘“T am exceedingly sorry not to be able to send you a copy 
of my paper. When I undertook this work it was my inten- 
tion to carry it much farther, and to publish several volumes. 
I had the first volume nearly ready, and it was agreed that 
M. Gauthier-Villars should publish it separately. So I did 
not receive any separate — of the part already pub- 
lished, probably because M. Gauthier-Villars intended to send 
them to me when the first volume should be finished. But 
in proportion as I advanced, it became more and more evi- 


dent that I would not be able to — together in Toulouse 


all the materials for my work. I made up a list of about 
thirty papers which it would be impossible for me to get, and 
which were absolutely necessary in order to finish the first 
volume. I lost heart, my health gave way too, so that I was 
obliged to spend two winters in Algiers,—and I could not 
work. So that.it is perfectly certain that I shall not resume 
the task in the future; the idea of doing it is very far from 
me now. And then my work was nothing else but a biblio- 
graphical review, and I only summed up what had been done 
by others, in particular by H. J. Stephen Smith. 

“Going back to the sources, accordingly, you will advan- 
tageously supply the absence of my work, which had no other 
object but to be useful to beginners who know little or 
nothing of the theory of numbers. To prove you my good- 
will, I Gens you will permit me to send you a paper on con- 
tinued fractions, which I have just brought painfully to a 
close. But it will not appear before the end of the year.t 


* Also now published separately. See list of New Publications in 
this number of the BULLETIN, p. 239. 

+ This pee was faithfully fulfilled. The paper appeared in the 
eighth volume of the Annales de Toulouse. 
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To avoid your being disappointed at that time, I shall state 
at once that it deals with algebra and analysis, and not with 
the theory of numbers. 

“ Pray accept, etc. T. STIELTJES.” 


The oldest treatise on the theory of numbers that has come 
down to us is the one contained in the Seventh, Eighth, and 
Ninth Books of Euclid’s Elements.* The first principles of 
our science will be found there exposed “ with the usual rigor 
and terseness of the ancients.” ‘The subjects treated by 
Euclid, such as the independence of a product of the order 
of its factors,t the rule for finding the greatest common 
measure, numbers prime to one another, least common mul- 
tiples and greatest common divisors, the decomposition of a 
number into ye factors and its uniqueness, and finally the 
proposition that our stock of prime numbers can never be 
exhausted, might be properly designated under the name of 
Euclidian arithmetic. 

We shall say accordingly that the beginning of M. Stieltjes’ 
pe is devoted to Euclidian arithmetic, greatly generalized, 

owever. He does not insist on the definition of number f{ 
nor on the laws which are at the base of the operations we 
perform on numbers,§ but after a simple mention of these 
topics, passes immediately to the exposition of the chief prop- 
erties of the least common multiple and the greatest common 
divisor of numbers. Euclid gives a rule for finding the 
greatest common divisor of two numbers,|| and reduces to it 
the problem of finding the least common multiple of two 
numbers.§ Poinsot** was the first, I think, to whom it 
occurred that the course could be reversed. I shall present 
his process in a somewhat more symmetrical form. Suppose 


* I shall always refer to Dr. Heiberg’s edition, where the Books men- 
tioned will be found on pages 184-437 of the second volume. 

+ The associative law is not mentioned—a deficiency happily supplied 
by the Fifth Book, which is thus stamped at once as coming from 
another hand (Eudoxus). Gauss was the next to consider the associa- 
tive law in his theory of composition of forms—and he quotes the Fifth 
Book of the Elements (Disgu. Ar., art. 239). 

¢ On this subject see Helmholtz’s and Kronecker’s papers in the P/i- 
losophische Aufsitze an Zeller (Leipzig, 1887), and Professor Dedckind’s 
pamphlet, Was sind und was sollen die Zahlen (Braunschweig, 1888). 

§ See Grassmann’s Arithmetik (Stettin—I think most copies have 
Berlin on the title-page—1860) and Clifford’s Common-Sense of the Ex- 
act Sciences. 

Euclidis Elementa, vir., 1, 2. 
Eucl. Elem. vit., 34. 
** Journal de Liouville, 1845, p. 48. 
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we have a rows of b points, placed so as to form at the same 
time 5 columns of a points: 


a ¢ 
+ 
— 


We can now cut out the slip of paper containing the 
points, deform it, and paste on the surface of an anchor ring, 
so that each column will be on a parallel and each row on 3 
meridian. Let us now start from any point of the configura- 
tion—say the lower left-hand corner, using still our plane 
representation to facilitate the explanation—and then make 
a move forwards and to the right, then another move in the 
same direction, and so forth, keeping well in mind that the 


whole configuration is on an anchor ring. As the stock of 
points is a limited one,—there are ad points in all,—we must 
finally return to some point where we have been before. I 
say it will be the initial point. 

In fact, there are two elementary movements to be con- 


| 


220 THE THEORY OF NUMBERS. | June, 


sidered—the one by which all parallels revolve so as to coincide 
each with its old position, while each meridian is replaced by 
the next one, and the other such that each meridian coincides 
with its old position, while each parallel is replaced by the 
next one. Now it is clear that if after several such move- 
ments the point A’ comes to coincide with the point A, and 
the points B and B’ are the points to which we should move 
from A and A’ according to the rule described above, then 
when A’ coincides with A, B’ must coincide with B. Now 
if we perform the requisite movements in order to bring 
the point to which we returned in coincidence with our 
initial point, then, unless our proposition is true, the course 
described starting from the initial point does not coincide 
with the course obtained by following the track of the point 
which is now in coincidence with the initial point, which is 
absurd. 

Let h,’, h,’,....hm’ be the points through which we 
passed in succession, so that one step more would bring us 
again to the initial point h,’. Then if m = ab our supply of 
points is exhausted. If m < ab, let h,’’ be a point through 
which we did not By taking h,”’ as initial point we 
obtain a cycle of points: 


I say ~ must be equal to m, because if we bring h,”’ in co- 
incidence with h,’ by a combination of movements described 
above, the two cycli 


and 


will coincide, which gives 
u =m. 


The two cycli can have no common point, because other- 
wise there would be two divergent tracks from such a point, 
which is absurd on account of the perfect determinateness of 
the track of a point. If 2m = ab our stock is exhausted; if 
2m < ab let h,’” be a point not on the two tracks already de- 
scribed. The point h,’”’ will give us a new track, 
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and so forth, till the tracks described 


will include all the points of the configuration, so that 
ab = nm. 


In its arithmetical form this process is a very primitive one 
(logically, not historically), but perfectly sufficient to establish 
the chief properties of Euclidian arithmetic. 

The numbers a and b being two given integers, I divide the 
succession of numbers 


1, 3, 


by a and 4 till I come to a number m such that the two divi- 
sions will leave no remainders, which must happen sooner or 
later, because the number ab is divisible both by a@ and 6b. 
It may happen that m = ab so that ab is the least number 
divisible by a and 6. If not, and accordingly m < ab, I write 
under the succession of numbers 


another succession of numbers, 
m-+-1,m+2,m+3,... 


If a number of the first succession is divisible by a and 5, 
so will be the corresponding number of the second succession 
by virtue of the law of distribution. Now m being the onl 
number of the first succession divisible by a and 5, 2m will 
be the only number of the second succession divisible by a and 
b. Now ab being divisible by a and 5, it may happen to be 
equal to one of the two numbers m and 2m, but cannot be 
equal to any other number of the two successions. The first 
ay having been already excluded, 2m is the only number 
of the two successions to which ab may happen to be equal 
now. If not, and accordingly ab > 2m, I write down another 
succession of numbers, 


2m +1, 2m+2,...3m, 


m 
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under the two first, and by reasoning in the same way as 
before we come to the conclusion that 3m is the only number 
of the three successions to which ab may now happen to be 
equal. By continuing in the same way we shall finally ex- 
haust all the numbers 


1, 2,3.... ab 


say after having written down x successions of numbers, so 
that 
mn = ab. 


The number m will be the least common multiple of a and 
6, and it remains to show that m is the greatest common divi- 
sor of a and 5. In fact, m being a multiple of a, it follows 
from the equality 


b 
n 


that n is a divisor of 5. In the same way it follows from 
m=bx% 
n 


that n is a divisor of a. If m is not the greatest common 
divisor of a and 4, let h be the greatest. Then it follows from 


h>n 
that 
<m 
h ? 
and as = is an integer and a multiple of a and 4, in virtue of 
the equalities 


ab b a 


it would be a multiple of: a and 4 smaller than m, contrary to 
what has —— been proved. 
Every multiple & of a and 3 is a multiple of m. In fact, I 
write the succession of numbers 
in rows of m numbers, 


a; 2, 
m+1,m+2, m+3,... 
2m +1, 2m + 2, 2m+3,... 3m, 
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till I reach the number &, which can find its place only in the 
last column, because the numbers of the other columns are 
not divisible by a and } at the same time. The number & 
will be equal accordingly to a multiple of m such as lm. 

It follows that every divisor v of a and 6 is a divisor of n. 


In fact, = being a multiple of a and 5 will be a multiple of 


their least common multiple ll and according n divisible b 
y 


v. 

The converse propositions that every multiple of m is a mul- 
tiple of aand 6 and every divisor of m is a divisor of a and 
b are of a still more elementary kind. 

Two numbers whose greatest common divisor is equal to 
unity are said to be prime to one another. Such are, for in- 
stance, the numbers 8 and 15. The least common multiple 
of two numbers a and 3b prime to one another is equal to 
ab 
ab. 

The important proposition vi1., 30 of Euclid can now be 
easily established in a somewhat generalized form. 

If a is prime to 5 and divides bc, then a divides c. In 
fact, a and 5 being prime to one another their least common 
multiple will be equal to ab. Now dc being a multiple of a 
and 6 will be a multiple of their least common multiple ab, 
and accordingly c isa multiple of a. These propositions are 
generally proved by means of Euclid’s rule for finding the 
greatest common divisor of two numbers.* 

Among those who have adopted a point of view similar to 
the one exposed here, I may quote Professor Bachmann 
(Zahlentheorie, 1892) and M. Emile Borel (Introduction a 
Vétude de la théorte des nombres, 1895). 

Euclid’s rule for finding the greatest common divisort is so 
well known that I need not insist upon it. Its importance 
can hardly be overestimated, and up to the present day it is 
the only convenient rule for finding the greatest common divi- 
sor of two numbers. The other rule—usually given in the 
text-books—reduces the problem to a harder one, the individ- 
ual decomposition of each number into factors. 

The least common multiple of a and 5 being equal to m, 
the least common multiple of ac and bc will be equal to me. 
In fact, mc is evidently a multiple of ac and bc. If these two 
numbers admitted a multiple ¢ < mc, then ¢ would be of the 
form ke where k <_m and a multiple of a and 3, which is 


* Grassmann’s Arithmetik, p. 40. 
+ Eucl. Elem., vm. 1, 2. 


i 
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absurd. It follows that if m is the greatest common divisor 
of a and d then ne is the greatest common divisor of ac and 
be 


The definition of the least common multiple and the great- 
est common divisor can be easily extended so as to apply to 
the case of more than two numbers 


M. Stieltjes uses the very convenient designation 
for the least common multiple and 
for the greatest common divisor. 


These two arithmetical functions are independent of the 
order of the numbers 
and it is also evident that if we repeat any one of our num- 


bers several times, the two functions will not change. 
Let us now consider the succession of numbers 


where the last number m is the first which is divisible by all 
the numbers 


Tkat we must finally reach such a number m follows from 
the fact that the product a,a,... a, is divisible by a,, 
a,,-..+ 4, although there may be smaller numbers having 


the same property. It is now easily proved that every mul- 
tiple yu of 


is a multiple of m by writing down the rows 


m+1, m+2, m+3,...2m, 
2m +1, 2m + 2, 2m + 3,... 3m, 


till we reach the number y, which can find its place only in 
the last column, because the numbers of the other columns 
are not divisible by ali the numbers a,,a,,...a. The 
proof of the converse proposition that every multiple of m is 
a multiple of 

is immediate. 
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By examining all the numbers in succession from one up 
to the smallest of the numbers 
we can easily pick out all the common divisors 
of the numbers 


thd 
Let us now put 


As all the numbers 


6,, 


they will be multiples of their least common multiple d, and 
accordingly d will be equal to the greatest of the numbers 


This establishes not only the existence of the greatest com- 
mon divisor d of the 


are multiples of 


but also the fact that every divisor of these numbers is a di- 
visor of d. 
In order to find the least common multiple m of several 
numbers 
Bes 


we may replace any two of them a, and a, by their least com- 
mon multiple | a,, a, |; then the problem of finding the 
least common multiple of 


will be reduced to the problem of finding the least common 
multiple of the new row of n—1 numbers. In fact, every 
multiple of a, and a, is a multiple of | a,, a, | , and conversely. 
The number of the numbers of the new row is now equal to 
n—1, aud can be diminished by one by repeating the process, 
and so on until we come to the single number m as the final 
result. The process is an unsymmetrical one, but as the 
result can be expressed in a symmetrical form, it is indepen- 
dent of the order in which the operation is performed. 

A similar process can be given for the finding of the great- 
est common divisor of several numbers. 

We shall now establish a lemma which will be useful to us 
in the future. 
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If 6 and ¢ are prime to one another, then the greatest com- 
mon divisor of a and dc is equal to the product of the great- 
est common divisor of a@ and 6 by the greatest common 
divisor of a and c. 

Demonstration.— 

(a, bc) = (ab, ac, bc)* = (ab, c(a, b))t =-(ac, b(a, c))t 

= (ad, ac, c(a, b), b(a, c)) = (d(a, c), c(a, b)) 
= (a, b) x (a, c).§ 
The proposition may be immediately extended to the case 
of any number of numbers prime each to each, 
so that we shall have 
(a, bed .. .) = (a, 6) X (a,c) Xa,d)xX... 


It mae very often in the theory of numbers, as well as 
in the theory of groups, that the least common multiple m of 
m numbers 

has to be decomposed into n factors 

m= 
such that each 6 divides the corresponding a, and the factors 
are prime each to each. 

The problem may be solved in the following way: If no 

two a’s have a common factor, then 

and we can put 


If two of the a’s, say a, and a,, have a common factor d, 


and that factor happens to be prime to 3, then, as 7 is 
prime to “t and d, it will be prime to their product || a,, and 


accordingly 2 7 will be the least common multiple of ? and 


* Because the greatest common divisor of ab and ac is a. 

¢ Because the greatest common divisor of ac and dc is c times the 
greatest common divisor of a ang 3. 

¢ For a similar reason. 

§ Because the product evidently divides both 6. (a,c) and c. (a, d) 


Gi and me prime to one another, on 
account of and being so. 
| Eucl. Elem. vu. 24. 


and leaves two quotients, 
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a, So that if we replace the row of numbers 


by 


ap 


the least common multiple of the second row will be equal to 
the least common multiple of the first row, each number of 
the second row will divide the corresponding number of the 
first row, and finally, the product of the numbers of the sec- 
ond row will be equal to the product of the numbers of the 
first row divided by d. 

Now if a, and a, have a greatest common divisor d which 


is not prime to > but the two numbers d and ; have a great- 
est common divisor 6 >1, then it is easy to see that the great- 


will be equal to In fact, 


are divisible by giving the quotients .6 


and °. I say these two quotients will be prime to one 


another, for ° is prime to * on account of d being the 
greatest common divisor of a, and a,, and 6 being a divisor 
of “* too,* so that the product “* x 6 is 
d d d 
a 


prime ¢ to rT The least common multiple of a, and o will 


est common divisor of a, and 


both a, and 


will be prime to 


ay 


be accordingly equal to = So that if we replace 


d 
6 
the row of numbers 


by the row of numbers 
a 


the least common multiple of the new row of numbers will 
be equal to the least commori multiple of the first row, each 


* Eucl. Elem. vir. 23. 
t Eucl, Elem. vu, 24. 


— 
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number of the second row will divide the corresponding 
number of the first row, and finally, the product of the num- 
bers of the second row will he equal to the product of the 
numbers of the first row divided by 6. 
We come to the conclusion that so long as there are two 
numbers in the row 


admitting a greatest common divisor larger than unity, the 
row can be replaced by another row 
so that the least common multiple of the second row will be 
the same as the least common multiple of the first row, each 
number of the second row will divide the corresponding 
number of the first row, and, finally, the product of the num- 
bers of the second row will be less than the product of the 
numbers of the first row. If we repeat the operation so long 
as the new row has numbers admitting a greatest common 
divisor larger than unity, we must finally come to a row of 
numbers ‘ 


no two of which have a common divisor; otherwise the opera- 
tion could be always continued, which is impossible on ac- 
count of the diminishing of the product of the numbers at 
each successive operation. We shall have accordingly 


and the factors will have the required property. 
It is now easy to prove the theorem, which by using the 
preceding notations can be expressed as follows: 


| (a, 5), (a, (a, d), (a, e), . | = (a,| bede.. 
In fact, I put 
| 


191%, © 


so that b,,c,,d,,¢,,. . . are prime each to each; and besides, 
b, divides 5, c, divides c, d, divides d, e, divides e, etc. Then 


(a, | bede... | = (a, b,c,d,e, 
= (a, b,) (a, ¢,) x (a, d,) Xx (a, 


Now as each of the numbers 
(a, 5), (a, c), (a, d), (a, 
(a,| bede...|), 


divides 
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their least common multiple will divide it too, so that the left 
side of the —_ which it is required to prove divides the 
right side. But if we write down the two rows 


(a, b,), (a, ¢,), (a,d,), (a,¢,)..-, 
(a,b), (a,c), (a,d), (a,e)..., 


each number of the first row will divide the corresponding 
number of the second row, and accordingly the least common 
multiple of the numbers of the first row, that is to say, 
(a, | bede . . . | ) will divide the least common multiple of the 
numbers of the second row, which we designated by 


| (a, 5), (a, c), (a, d), (a, e). 


So that the right side of the equality which it is required to 
prove divides the left side. Accordingly the two sides are 
really equal.* 

When we have more than two numbers, say 7, 


it is found convenient to consider besides the least common 
multiple and the greatest common divisor  — 2 intermediate 
numbers. We might have arrived at such an extension of the 
original Euclidian theory by generalizing the geometrical in- 
terpretation given above, but I shall confine myself in this 
sketch to an arithmetical exposition of the subject. Let us 
put 


& 

| 


a,) | 


Then it is easy to see that each e, isa multiple of e¢,_; So, 
for instance, ¢, is a multiple of e,_,, because 


(a, , 4,), (@,, divide a, 
(r ,a,), (a,,4,), (@,, divide a, 


Gp) divides a, _,. 


* Grassmann’s Arithmetik, No. 103. 
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By using the rule that while forming the least common 
multiple of a lot of numbers any numbers of the lot may be 
replaced by their least common multiple, we arrive at the 
expressions for our numbers @,, 6,: 


- 
| 


(a,, Gn), (a,, a; | | 
Gn) | 


It follows that while e, is the least common multiple of n 
numbers 


€n-1 is the least common multiple of m — 1 numbers. 
6, 
by-1 = (@n-1; Gn). 
Now I say that e,2 may be deduced from e,_; in the same 
way as ¢,_; is deduced from e,; that is to say, that while 
(@n—15 | 

we have also 

&n-2 = | (,, | by bn-1 | | On-1 
(bn-25 bn-1) | 

I shall put for the sake of abbreviation 

hin-2 = (On-15 bn). 


Now it is easy to prove that h, is the least common multiple 
of the numbers 


(a, » In-1,5 an). 
In fact, 


h,=(6,,| 6,,---bn-1| )= | (6,,9,), (0,,8,),- - On-1) | - 
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And as 
5,) = (4,, 4,,| an |, | |) 
= (a,, | a, ...an|) 
(6,,5,) = (4,, | 4, a |) 
Bn-1) (a, » Gn), 
our assertion is proved. In a similar way h, is the least 
common multiple of the numbers 
(a,, 4, | @,.--dn | ), (@,,4,, | 2, | Gn); 
and finally 
hn—2 = | (Gn—2, Gn-1, Gn) | - 

The two expressions for ¢,_2 are accordingly equal. In the 

same way by putting 


Cn-2 = \9n-2, 
we have 
en-2 = Cy> Cn-2 | 
and 


(cn-s, Cn—2) 
So that each of the numbers én, én_-1, . . . ¢, is deduced from 
the preceding in a similar way, the number of the numbers 
on which we have to operate gradually diminishing by one 
from 2 in the case of e, to unity in the case of e,. The 
operation is an unsymmetrical one, but as it gives the same 
result as the symmetrical one, the lack of symmetry has no 
influence on the result. 

Let us take the following numbers, for instance: 


a,= 480, a,= 720, a,= 2700, a,= 3240, a,= 6750, a,= 11250. 


Then by using Euclid’s rule for finding the greatest common 
divisor, the whole calculation can be performed in the follow- 


ing way: 
480 720 2700 3240 6750 11250 
e, = 1820000 910000 405000 405000 33750 
240 360 2700 270 2250 
e, = 270000 135000 67500 6750 
120 180 270 90 
= 1080 540 270 
60 90 90 
e,= 180 90 
30 90 
90 


30 
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The last number in the third row is the greatest common 
divisor of the two last numbers in the first row, and the last 
number in the second row is their least common multiple. 
The last number but one in the third row is the greatest 
common divisor of 3240 and 33750, and 405000 is their least 
common multiple. The last number but two in the third row 
is the greatest common divisor of 2700 in the first row and 
405000 in the second row, and 405000 a little to the ‘eft 
is the least common multiple of the same numbers. The 
second number in the third row is the greatest common divi- 
sor of 720 and 405000, and 910000 is their least common 
multiple. The first number in the third row is the greatest 
common divisor of 480 and 910000, and 1820000 = e, is their 
least common multiple, etc., etc. 

M. Stieltjes gives other expressions for the same numbers, 
for which I refer to his paper. We have now worked our wa 
through the first chapter* with the figure of the great Gree 
mathematician overshadowing us all the while. The second 
chapter begins under the auspices of Gauss. 

JOSEPH DE PEROTT. 

Untversity, May 23, 1895. 


NOTE ON HOLDER’S THEOREM CONCERNING 
THE CONSTANCY OF FACTOR-GROUPS.t 


BY MR. GEORGE L. BROWN. 


H6LpDER’s proof of the constancy of the factor-groups for 
the different series of composition of a group is based upon 
the following lemma:{ Jf a group G possesses two different 
maximal self-conjugate subgroups A and B, having C as their 
greatest common —— then the quotient-groups G | A and 
B | C, likewise G | B and A | C, are holoedrically isomorphic. 

The proof of this lemma may be very much simplified by 
making use of the following theorem, due to Giudice:§ Jf A 
and B are two commutative groups of orders p and q respec- 
tively, having C, of order r, as their greatest common subgroup, 
then the order of the group F = {A, B} formed by combining 


the operations of A and B in every possible way is Pa. 


* I had no desire to exhaust the subject. The reader will find many 
propositions which I omitted in Grassmann’s Arithmetik and Stieltjes’ 


aper. 
. Math. Annalen, vol. 34, pp. 34-37. 
Hdlder, 1. c., § 9. 
§ Netto, Theory of Substitutions, § 38; F. Giudice, Palermo Rend. 
vol. 1, pp. 222, 223 
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For let 
A =[l, a,,a,... ay]; 
B=[I, b, . . 
C=[]l, ¢,, ¢, Cp}. 
Form the rectangular table for B with C as a basis:* 


(1) A, c.f, ? c,B, 
Ba ? eee C,Ba. 
If now the operations of A be multiplied through by these 
same multipliers, 1, 6,, ... fa, then the operations 
<p are’ wally 
(2) i. = 


Ba ? a,fiq ? a,fq 
can easily be proved to be all distinct and to form a group 
F = {A, B} containing all possible combinations of the 
operations of A and B. Hence the order of / = {A, B} is 
PY 

We also see from this that the index of A under F is the 
same as that of C under B, the index of B under F the same 
as that of C under A. 

Hélder’s lemma can now be proved as follows: Let A and 
B be maximal self-conjugate subgroups of G, and C be their 
greatest common subgroup; then 

1) Since A and B are self-conjugate under G, they are 
commutative. The group F = {A, B} formed by combining 
the operations of A and B is self-conjugate under G, and con- 
sequently is identical with G, since by hypothesis A and B 
are maximal self-conjugate under G. Also, by the ae 
theorem, the index of A under @ is equal to that of C under 
B, the index of B under G equal to that of C under A. 

2) Since C is common to A and 8B, its transform by any 
operation of & is also common to A and B. Consequently, 
C is self-conjugate under G, and therefore under A and B.t 


* Netto, Theory of Substitutions, § 41. 
+ Netto, Theory of Substitutions, § 88; Hélder, Math, Annalen, vol. 


34, p. 34. 
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3) The quotient groups G | A and B| C are holoedrically 
isomorphic. For from Table (1) is immediately derived the 
group B | C, isomorphic with B. Let 


B|C=[l, se}. 


Then if s, corresponds to f,, c,8,, ¢,A,, etc., of B 
to the product of any two operations of B, one taken from 
each of these rows, will correspond the product s,s,. Taking 
B, and 8. a8 representatives of their respective rows, we 


have, if 
= 
88, = 8 in the group B | C, 


where s, corresponds to c,8,, etc., of B. 

In like manner the group | A is derived from Table (2), 
in each row of which are found the operations of the corre- 
sponding row of Table (1). 


Let | A=([L, #’,, 8, 
then if s’, corresponds to f,, a,8,, a,8,, etc., 
and 8’, Ba; etc., 
we have, if 
= ty, Br, 


s’,8’, = 8’, in the group @ | A. 
But 6,8. = ¢,8,; and since C is a subgroup of A, it follows 
that a, = c,, and t’ = 7; that is, since 


B Be = = CBr, 
8,8’¢ = 8’, in the group @ | A, 
where s’, corresponds to §,, a,8,, a,8,, etc., of G. 

Hence the quotient-groups @ | A and B | C have the same 
multiplication table and are therefore holoedrically isomorphic. 
In like manner @ | B is holoedrically isomorphic with A | C. 

Moreover, since A and B are maximal self-conjugate under 
G, G| A and B| C are simple.* Consequently A| C and 
B| C are o— and therefore C is maximal self-conjugate 
under A and 

These relations known, the proof, as given by Hélder,t that 
the factor-groups are constant for all the series of composition 
of a group, easily follows by induction. 


Unrversity oF Cuicaao, April, 1895. 


* Holder, Math. Annalen, vol. 34, p. 37, § 9. 
¢ Hilder, Math. Annalen, vol. 34, p. 37, § 10. 
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NOTE ON THE THEORY OF THREE SIMILAR 
FIGURES. 


BY PROFESSOR F. MORLEY. 


THE theory in question is given in Casey’s Sequel to Euclid 
(sixth edition), and also, with extensions, but still with the 
same geometric treatment, in the same author’s Analytical 
Geometry (second edition). There is something to be said in 
favor of an appropriate analytic handling of such a theory, 
and I wish to give the preliminary equations in a convenient 
shape for such handling, the more as these equations afford a 
fact or two which have an air of novelty. 

All letters denote complex numbers attached to points of a 
plane. A linear relation such as 


pe + qy+r=0 
implies that the variables z and y describe figures directly 
similar. 

Two linear relations between three variables, say 

pe +qy + rz+8 
pet 
imply that the variables z, y, z all describe similar figures. 

Let 

z=4, y=s =4, 
y=6, when z=2=8, 
z2=c, when 

The double points a, b,c and the invariable points a, , b, , ¢, 
suggest themselves as proper to replace the coefficients in (1). 
But they are too many, inasmuch as in (1) there are only four 
effective constants. 

First introducing the double points, it is clear that the 
relation between y and z is of the form 

y—a=Ie—a), 
for it is linear, and when y = a, z = a. 
So, also, we must have 
z—b=m(z—6b 
ny 
where J, m, are such constants that one of the three equa- 
tions is a consequence of the others. 
We have y = 5, when z = 3, so that 


b, —a=1(b —a); 
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and similarly, since z = c, when y = ¢, 
c—a=I(c, — a). 
Therefore (6, — a)(c, — a) = (6 — a)(ce — a), 
so that b,,¢,; 5,c¢; a, © are pairs in involution. 
Similarly C, 5 6, @, 
and a,,5,; a,b; c, @, 
are pairs in involution. 
Hence we know* that there is a fourth point d such that 


d and a, belong to the first involution, d and 3b, to the 
second, d and ¢, to the third. 
H b—a. c— 
ence /, or is 
Thus, given the double points a, 6, c and the point d, the 
desired equations are 


and similarly for m, 


| 
z—a b—@ 
z—b a-d 
smb (2) 
z—c_ b—d 
y—c a-—d } 
a 


That these equations are not independent is seen at once on 
clearing away the denominators and adding. + 


* Harkness and Morley, Theory of Functions, p. 32. 

+ We see that (y — ay\z — — ¢) = — — — ¢), which 
states that a, z; b, y; c, zare pairs in involution; and that, taking d as 
origin, the system (2) is ‘solved by writing z=6 + e+ be/t, etc., where 
t is variable. 


ONY) 
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The geometric statement of this is that taking any point x 
and making 
xbz directly similar to cda, 


Mechanical means, such as Sylvester’s Plagiograph, for 
inducing a variable triangle to retain its shape are described 
in Dyck’s Katalog mathematischer Modelle (Wolf, Miinchen, 
1892). It is sufficient to take two such plagiographs, zbz, 
zay, and connect them at z while fixing the double points 4, a 
in order to have three points z, y, z always describing similar 
figures; but the above work shows the condition that three 
plagiographs 2xbz, zay, yer, connected at z, y, z and fixed at 
a,b, c, can effect the same symmetrically. 


NOTES. 


A REGULAR meeting of the AMERICAN MATHEMATICAL 
Society was held in New York, Saturday afternoon, May 25, 
at three o’clock, the president, Dr. Hill, in the chair. There 
were thirteen members present. On the recommendation of 
the council, Professor Clarke Benedict Williams, Kalamazoo 
College, Kalamazoo, Mich., was elected to membership. One 
nomination for membership was received. The following 
papers were presented : 

1) ‘‘On the limagons. which possess Poncelet polygons,” 
by Professor F. Mor.ey. 

(2) ‘‘ About biquadrate numbers whose sum is a biquad- 
rate,” by Dr. ARTEMAS MARTIN. 

(3) “An essay on the calculus,” by Professor W. H. 
EcHoLs. 


THE Department of Mechanics of Columbia College will 
give the following graduate courses during the year 1895-6: 
(1) Theory of the potential function, and (2) Mathematical 
theory of elasticity, each two hours per week throughout the 
year, by Professor R. S. Woodward; (3) Electromagnetic 
theory of light, three hours per week of first term, and (4) 
either Advanced thermodynamics, or Theory of sound (based 
on Lord Rayleigh’s treatise), two hours per week throughout 
the year, by Professor Pupin; (5) Theoretical mechanics 
(based on Ziwet’s Theoretical Mechanics), two hours per 
week throughout the year, by Mr. J. C. Pfister. 


Dr. FABIAN FRANKLIN has resigned his professorship at 
the Johns Hopkins University in order to assume editorial 
duties on the Baltimore News. This is a heavy loss to the 
cause of pure mathematics ; but we cherish the hope that the 
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list of Dr. Franklin’s singularly clear and original contribu- 
tions to this subject is by no means finally closed. 


THE following are the mathematical courses for the current 
summer semester at Géttingen:—Professor Schering: Abel’s 
and Riemann’s functions; Seminarium;—Professor Voigt: 
Optics; Chapters from the theory of electricity ;—Professor 
Klein: Theory of numbers, 11.; Seminarium;—Professor 
Schur: Theoretical astronomy including perturbations, 11; 
Professor Nernst: Kinetic theory of _ and fluids;—Pro- 
fessor Hilbert: Elliptic functions; Theory of determinants; 
Seminarium;—Professor Schoenflies: Mechanics; Seminari- 
um;—Dr. Burkhardt: Differential calculus, with exercises ;— 
Dr. Pockels: Electrical oscillations, with demonstrations;— 
Dr. Ritter: Analytical geometry; Exercises in analytical geom- 
etry; Geometry ;—Dr. Bohlmann: Chapters from Lie’s theory 
of continuous groups. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


CARPENTIER-WILDERWANCE (P. DE). Theorie en toepassing van de 
karakteristicke functie van Hamilton. Leiden, 1894. 8vo. 8 and 
68 pp. Mk. 2.00 


Caucuy (A.). (Euvres complétes, publiées sous la direction scienti- 
fique de l’Académie des sciences. 2e série. Tome X: Résumés 
analytiques de Turin; Nouveaux exercices de Prague. Paris, 
Gauthier-Villars, 1895. 4to. 464 pp. Fr. 20.00 


Demoutin (A.). Mémoire sur l’application d’une méthode vectorielle 
a l’étude des divers systémes de droites. Bruxelles, 1895. 8vo. 
118 pp. Fr. 4.00 


EBERHARD (V.). Ueber die Grundlagen und Ziele der Raumlebre. 
Abdruck aus ‘‘Grundgebilde der metrie.” Leipzig, Teubner, 
1895. 8vo. 29 pp. ME. 1.60 


HELMHOLTz (H. von). See LopatcHEewskxy (N.). 


Keenies (G.). La géométrie réglée et ses applications: coordonnées ; 
systémes linéaires; propriétés infinitésimales du premier ordre. 
aris, Hermann, 1895. 4to. 148 pp. Fr. 5.00 


LopatTcHEwskEY (N.). Recherches géométriques sur la théorie des 
ralléles, suivies d’un extrait de la correspondance entre Gauss et 
chumacher; traduit de l’allemand par J. Hotiel.-HELMHOLTz 

(H. von). Sur les faits qui servent de base 4 la géométrie ; traduit 
de l’allemand. (Réimpressions.) Paris, Hermann, 1895. oo 
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Macmillan, 1895. 12mo. 260 pp. Cloth. $1.25 
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MATHEMATICAL QuEsTions and Solutions from the Educational Times. 
With papers and solutions and appendix, edited by W. J. C. 
Miller. Vol. 62. London, Hodgson, 1895. S8vo. Boards. 6s. 6d. 


ParnLEvé (P.). Lecons sur l'intégration des équations différentielles 
de la mécanique et applications. Vite, amet, 1895. 4to. 
300 pp. (Lithographed.) Fr. 14.00 


Streitses (T. J.). Sur la théorie des nombres. Premiers éléments: 
Sur la divisibilité des nombres ; des congruences ; équations liné- 
aires indéterminées; systémes de congruences linéaires. Paris, 
1895. Ato. Fr. 3. 
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werking. Amsterdam, 1894. 8vo. 8 and 65 pp. Mk. 2.00 
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y descripcion detallada de las tablas de Schroen.. Toledo, 1895. 
4and 96 pp. 1 plate. Fr. 5.00 


Haut (H.8.). Solutions of the examples in Hall and Knight’s Elemen- 
tary trigonometry. London and New York, Macmillan, 1895. 
12mo. 242pp. Cloth. $1.90 


Leson (E.). Géométrie descriptive pour l’enseignement secondaire 
moderne. Vol. I. Classe de seconde. 6e édition, revue et modi- 
fiée. Paris, Delalain, 1895. 8vo. 8 and 148 pp. Fr. 3.00 
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Ebene und kérperliche Geometrie. Zum Selbstunterricht mit 
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